Bhaskara and Samglishta Kuttaka.

In a paper published in the Bulletin of the Oaleutta Mathematical
Society, Vol. XVII, (1926), pp. 8)—98, Mr. Saradakanta Ganguly
draws attention to a stray rule regarding the solution of the general
case of Simultaneous Indeterminate liquations of the first degree, found
in two palm-leaf manuscript copies of Lilaral? with commentary in
Oriya characters and also in two others of the same text in Andhra
characters. In Mr. Ganguly’s opinion, Bhaskara was really the autbor
of these rules. This is however a matter of doubt. In this note we
propose to re-open the question of genuineness of Bhaskara's authorship
by examining the rule in the light of other Indian solutions of the same
problem and also in the light of Indian mathematical tradition.

We adopt the modern notation to describe the rules and problems
in question and refer the reader to Mr. Ganguly's essay for the literal
rendering of the iextual matter.

The rule for the solution of the general case of simultaneous inde-
terminate equations mentioned in the manuscripts aforesaid, is known as
dfvey TEUIAA FERGA , which, for brevity, we may call Samglishta
Sutra.

Tt is interesting to note that the earliest Indian attempt of indetermi-
nate analysis takes the form of solving simultaneous congruences of the

type
@ = ay (mod. m,)

@ = ap (mod. m,)

@ = ay (mod. my),
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For, though Aryabhata mentions only the case of two con-
gruences, the rules given by him can be made to cerve for more
than two cases also by repeating the process. This is actually
done by Mahaviracharya, (vide (lanitasura Sangraha, verses 1274
—1993, pp. 81-82, Text). Iven if the intention of the original authors



2 Notes and Questions.

be doubtiul, the commentators make it perfectly plain that in case
the congruences are more than two, the solution of the first two con-
gruences may be combined with the third just in the same way as the first
two congruences, to abtain a solution satislying all the three congruences,
this process being capable of extension to any number of them, Further,
itis in accordance with Indian tradition, that authors of original scientific
treatises are generally very brief, their aim being to indicate the general
outline of procedure and leave the details to be worked out by the
reader. To quote Bhaskara :—

STRART AR Fha @Al 4a: |

a9 1T el @A

S o @ el 90 14 7 |

QI AR @ Afa e qEganea |

" A little instruction and guidance in science is sufficient for
the intelligent student, for this alone will help him to
develop his knowledge of his own accord. Science instilled
into the intelligent mind has sullicient vitality in it to grow
and expand by its own force even as a drop of oil on a
sheet of water, a piece of secret confided to a villain, or a
little act of charity to the deserving person.”

The Samglishta Sutra® which Mr. Ganguly attributes to Bhaskara
amounts in effect to this:

* The following is the text of the Sutra found in the palm.leaf manuscript
(No 18856), Oriental Library, Mysore,

dog TEAMAEg FERQIL |
g ffua qoid 3 Mas exrare i guweg | |
fadla wieay Qe @ A AdnIFedagan 1gdia:
fgdty areug agi g WISAT Waas L URAY &1 |
€ wHeI = FzH SU SGr TR M )
O WR I O g SWRINIAET IkE: |
su gAY adg Al i Agami argdia ||
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To solye the congruences :

a,v = b; (mod. m])

g = by (mod. my)

Let the solution of the first congruence be » = %, ‘mod. m,)
t.84 w=1Fk, +itm; (say).
Substituting this in the second, we get

a,ley + ay tmy = by (mod. my)

- 248ay ot = by~ a £y (Mod. m,)
where ¢ is the unknown to be determined.

Let the solution of this congruence be ¢ = ¢, (mod. my).

‘Then w =Ry ¥ myty (mod. my my)

= kl : = m ly + ouomy my (say)

‘I’his again may be substituted in the third congruence and solved
for u and so on.

There is nothing striking or ariginal in this method and it will obvi-
ously suggest itsell to any one who knows how to solve the first congru-
ence. It is a mere repetition ot a process with no new principle involved
and does not justify an explicit enunciation by a mathematician of the
attainments of Bhaskara. While Aryabhata, Brahmagupta and Mabavyira-
charya bad thought it fit to suggest similar obvious extensions of their
method as being implied in the particular cases discussed by them, it is
at least strange that Bhaskara who is content with ITRTBT should deem
it proper to dwell on it at length. If he should have really done o, he
has gone out of the way to play the role of the prolix commentator. It
is, therefore, very likely that a commentator has interpolated it in Bhas-
kara's text.

Mzr. Ganguly suggests that this samc¢lishta rule must have been felt diffi-
cult in those days, and as it had noapplication in astronomy, readers might
not be inclined to wacte their time in learning and copying the rule, etc.
In my opinion, the omission is not due to the difficulty for there is nons
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in it, but may be due to its being too obvious for explicit mention. In this
conection it must be noticed that other Hindu mathematicians have not
neglected the problem on account of its difficulty but have shown their
full appreciation by suggesting alternative methods of solution. Arya-
bhata was the first to hint the general problem of finding a number having
given residues with respect to given moduli. Mahaviracharya who lived
more than 250 years before Bhaskara has given a rule different from the
sam¢lishta rule. He solves the congruences «¢; z =0, (mod, m,), ¢y # = by
(mod. m,), etc. separatelyand obtains #=%k, (mod m,), ==k, (mod my)...
etc. which he manipulates in Aryabhata’s fashion to get the final result,
This is cer.ainly more original and natural than the sam¢lishta rule and
is also the accepted modern method. Bhaskara indeed goes further and
suggests a novel method of solving simultaneous equations in the ap-
parently particular case of the same modulus for all congruences. There
is no loss of generality in this uniform modulus, for we can replace the
given set of congruences by the equivalent set

m m m m
— g, 2 = b (modm), — agw = — b, (mod m) ......
my my mg My

where m is the L. C M. of m; m,, ... We shall deal with this aspect of
Bhaskara's Sam¢lishta Kuttaka* in some detail presently. Again, one of
the commentators of Aryabhata ina work Kuttakara Ciromanit explicitly
devoted to Kuttaka problems distinguishes three varieties :

(1) that which has a single modulus but different residues;

(2) that in which there is only one dividend co-efficient but
different divisors as well as different residues;

(3) that in which the dividend co-efficients, the divisors and resi-
dues'are all different.

The rule given tor the last case is just the same as Mahaviracharya’s.

® Samclishta kuttaka is different from the spurious samclishta rule,

+ This is a work of one Devaraja; it is meant to be a commentary and
supplement to Aryabhata's Kuttaka Sutram. Four manuscript copies of this
work are available in the Oriental Library, Mysore.
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Brahmagupta also suggests the same method. Thus, nowhere does
the spurious sam¢lishta rule seem to be recognised ; at any rate, even
if recognised, probably it is not considered more worthy of adoption than
the other one.

It is wrong to argue that the omission of the sam¢lishta rule in many
of the textsof Lilarati and Bijuganita as well as the absence of reference
to it in other Hindu mathematical texts, is due to its difficulty. For more
difficult rules such as the Chakravala or the cyclic method of solving
indeterminate equations of the second degree bave not been omitted but
found their due place among all the known manuscript copies of Siddhanta
Qwomuui. As regards the application to astronomy, it is not difficult to
devise one, when applications have been found for even the Chakravala
in Indian astronomy. In fact Brahmagupta gives an important astronomi-
cal application, =7z, ' Given the residual revolutions of different planets,
to find the elapsed number of days.’

So much for the spurious rule attributed to Bhaskara. Apart from
this, there is a well-lknown rule for Sam¢lishta Kuttaka, the importance
and significance of which have not been sufliciently recognised. According
to Mr. Ganguly, the wording of this well-known rule strongly suggests
that Bhaskara must have considered the case of the spurious rule, without
which the chapter would remain incomplete. The invalidity of this
argument can be felt forcibly when applied to a similar rule * given by
the younger Aryabbata without any discussion of the case of different
divisors, corresponding to the spurious rule  Unlike the spurious rule,
this well-known rule is very popular and copied by Bhaskara's successors.
There is something deeper in the rule than what appears at first sight.
It furnishes a novel method of solving simultancous congruence equa-
tions, with a common modulus, As we have already pointed out, the
common modulus does not in any way make the method lose its general-
ity. But a note of warning is necessary. Bhaskaia has not done him-

PaTT————— Y - meiar = — - it ——— - a8 e —— —

* EE Gfkad e AP WA AT |

o
quIsE FH HFEIA FAN (HEas )
Maha Siddhanta ol Aiyabhata,
‘I'his is just a paraplirase of Bhaskara’s iﬁ[ E{H\i{. SR
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self justice in this rule, for he does not point out the cases of failure
though it is his usual g:ustorn’r to point out [E& cases.

The point is this: [|f we have a system of congruences

ity T = bl
@, & = by
. (mod. m) ... s )
az z = by
any linear combination
E z' ﬂr = 2 E.F b]‘ (ITIOC]. 'ﬂl) s ane (/e)

gives the value of z which satisfies all the given congruences, pro-
vided Z 1, a, is prime to » and the congruences are consistent. While
Bhaskara has recognised the principle of the linear combination, he has
failed to note the limitation about X / a_ as well as the consistence of the
congruences. Bhaskara's method consists in using unity for eachof Z;, Iy...
and solving the representative congruence Z a, z = 2 b, (mod. m).
Bhaskara's rule is particularly serviceable in the congruences

ma = by mod (m,), e, 2 = b, mod (my), ... .

where oy, mg, ... are prime to each other and m, is prime to a,, m, to a,
and so on. Thus, taking the illustration for the spurious rule,

T¢ = 3 (mod. 62); 62 = 6 (mod. 101); 82 = 9 (mod. 17)
we may combine them into a single representative congruence

(7X 17X 101 +6 X 17X 62+ 8X 62X 101)a
EJX1ITX101+56X17TX62+ 9 X062 X 101
(mod. 62 X 101 X 17)
1.6 684392 = 66779 (mod. 106454)
which yields » = 70583 (mod. 106454).

b or: Fafoat aron g A 3 &ragyaenT |
- QI A SN oA |
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T'his shows again how this rule about Samclishta Kuttaka covers
also the case of the spurious rule and the completeness of the chapter
does not suffer by the omission of the latter.

We may conveniently suppose, without loss of generality, that the
H.C, F. of ay, ag, ... in the congruences (a) is prime to m, for if there
be a common factor between the II,C. . and m, the whole congruence
may be divided out by this common factor. If the congruences are
consistent, there is only one value of # less than m which satisfies all
of them. [f ¥ La, and m have the highest common factor, say d, then
there are m/d values ( < ) for the congruence (2), only one of which
is bound to satisfy (a) and we bave to pick out this value by trial.

It is important to note that the least value of (#) need not always
satisfy () except when ¥ [ s, is prime to m. In Bhaskara’s example,
the least value of the representative congruence 152 = 21 (mod. 63) or
e == 7 (mod. 21) seems to satisfy the given congruences

e =17

% (mod. (G3).
10z = 14

which is a matter of chance and has perhaps led to Bhaskara's oversight

in assuming probably that every solution of the new congruence is the
required one.

If the given congruences be

be = T 2

(mod. 63).
30z = 42 )

i

Bhaskara’s method will give 35z = 49 (mod. 63)

or bz = T (mod. 9) as the representative congruence with # = b as the
least value. ‘This evidently does not satisfy the given congruences. We
have to choose the next higher value 14, which suits them. Gandsa in
his commentary Ruddhivilasini of Lilavateé bas struck this note of
warning ;: The quotient as it comes out in this operation is not to be
taken: but it is to be separately sought with the several original
multipliers applied to this quantity and divided by the divicor as given.

A. A, KRUISHINASWAMI AVYYANGAR,
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